
 

   
AbstractThis paper explores aspects of computational 

complexity versus rule reduction and of integrity preservation 
versus optimality index, which have become an issue of 
considerable concern in learning techniques for adaptive 
fuzzy inference models. In control oriented applications of 
adaptive fuzzy inference systems, implemented as fuzzy-
neural networks, a balanced observation of these conflicting 
requirements appeared important for a good yet feasible 
application design. The focus is confined to a family of 
adaptive fuzzy inference systems that can be interpreted as a 
partially connected multilayer feedforward neural networks 
employing Gaussian activation function. The knowledge base 
rules are designed implying the connections are a priori fixed, 
and then the respective strengths adapted on the grounds of 
input and output data sets. Information granulation plays a 
significant role too. These as well as membership-function 
parameters ought to be adapted in a learning-training process 
via the minimization of an appropriate error function.   
 

Index TermsApplied fuzzy-neural computing; 
complexity; fuzzy-rule knowledge base; inference systems 

I. INTRODUCTION 

SINCE 1965 when L. A Zadeh [1] has put forward the 
concepts of fuzzy sets and systems allowing for degrees of 
truthfulness mimicking the reality of human thinking and 
approximate reasoning, computational (machine) 
intelligence has evolved as to attain both theoretically and 
practically a status of ‘computing with words’ [2]-[5]. 
These developments of computational intelligence have 
remarkable evolved into learning fuzzy -neural or neuro-
fuzzy systems , e.g. see [4], [6]-[12]. In particular, these 
have found a number of applications in areas of control and 
decision, e.g. see [13]-[15], a general overall model of 
which may be illustrated as depicted in Figure 1 [16].  

Fuzzy inference systems [2], [3], FIS for short, lie in its 
very core regardless of the theory and the technology of 
implementation on which systems engineering designs are 
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based. Their subsequent developments have led to the 
advent of adaptive fuzzy inference systems (AFIS) 
implemented by means of fuzzy-neural networks, e.g. see 
[6], [12], [17], [18].   

 
Fig. 1 The structure of mapping processors of general system models in 
engineering terms.  
 

In particular, 1993 Jang’s creation of ANFIS [10] may be 
attributed to have generated a new paradigm [17], [18] in 
fuzzy-neural computation strongly supporting Zadeh’s soft-
computing ideas [4], [5]. Its potential towards generalized 
AFIS was further explored in [17] (also see Figure 2) that 
has given hints to commence our investigations [19]-[22] 
too.    

 
Fig. 2 Schematic of an adaptive fuzzy-neural system (Jang et al., 1997) 
 

One of the main advantages of AFIS architectures over 
more traditional learning systems and neural networks is 
their ability to utilize intuitive knowledge presented in a 
linguistic form, e.g. see [23]-[26], such as employed by 
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humans as Zadeh has argued for [2], [3]. The knowledge 
once stored in the membership functions (MFs) and rules of 
the system, preserving the integrity of this knowledge is as 
desirable as in human learning and thinking let alone in 
industrial applications. This means the intelligent 
engineering system should be able to use the same intuitive 
understanding, used to create the FIS, for interpreting its 
future behaviors. It has become clear [27] this ideal cannot 
be guaranteed for AFIS designs. Yet the purpose of 
generalized fuzzy-neural inference system models has to 
exploit evolving antecendents (MFs) and consequents 
(fuzzy rules), and input space partitions.  It has been 
observed, although the adapted MFs may have attained a 
new significance, it may be rather difficult or impossible or 
even undesirable to be interpreted.  

In some cases, an AFIS may have changed to such a 
degree that a linguistic interpretation is no longer feasible. 
In such a case, the AFIS has to be viewed as a "black box"  
approximated function, with no insight to system mapping 
dynamics (Figure 1), similar in functioning to a neural 
network. These possibilities may make a conventional 
AFIS unsuitable for some control and decision applications 
where maintainability and reliability are of prime 
importance, despite their likely superior approximating or 
cost-function performance relative to the ones which may 
have restricted range of MFs parameter variations.  

It should be noted that theoretical discoveries have to be 
adjusted to accommodate a number of issues involved with 
systems engineering designs. Besides, our findings in 
practical applications to control and decision systems , 
feasible engineering designs ought to be made as simple as 
possible for many reasons, including computational effort, 
maintenance real-time effectiveness. It is then precisely 
when issues of complexity versus integrity, maintainability 
and supportabilty as well as of optimality versus integrity 
matter essentially. This paper reports on such a study 
analysis gained through learning from our recent 
applications research as related to the engineering 
requirements for design feasibility and simplicity [20], 
[22].   

The rest of the paper is organized as follows. Next 
Section II gives a presentation of some lessons with regard 
to complexity and simplification learned from two, 
somewhat opposite, control case studies. In Section III, a 
brief discussion is presented on some detail in achieving 
engineering feasibility via preserving integrity and 
simplicity in conjunction with information granulation in 
fuzzy variables and rules of the knowledge base, and 
learning algorithms for the membership functions.  Section 
IV is focused on the use of rough fuzzy sets and the 
limiting bounds of grades of membership functions within 
learning algorithm operation. Conclusion and references 
follow thereafter.  

II. RECENTLY LEARNED LESSONS: APPLICATION EXAMPLES 

Recently two control case-studies were carried out at 
FEE-ASE Institute in Skopje, each performed by several 
collaborators. The one is as simple as a thermal process 
fuzzy control (low-frequency dynamics) [20], and the other 
as delicate as homing missile (high-frequency dynamics) 
fuzzy navigation [22]. Main features of the first one are the 

heat transfer with modeling uncertainties and uncertain 
process disturbances, and of the other the uncertain target 
maneuvering and stringent real-time processing. The results 
on thermal process were justified on a small industrial oven 
for quality control, and results on missile navigation were 
justified through simulations only.   

A. Design and Implementation of FIS Based Oven 
Regulatory Control   

This FIS based design is a standard one and well 
documented in the literature. However, this control system 
design was done by our own research and development in 
all its aspects relative to the needed hardware, software, 
and signal processing and power electronics as well as the 
control system stability analysis. However, an empirically 
motivated modification of the fuzzy-rule base was also 
carried out so as to make it an adaptive FIS-based 
controller.  

The general form of this simplest FIS-based fuzzy-logic 
controller described below in terms of If-Then rules:  

IF e  is <property symbol> AND e∆  is <property 
symbol> THEN u  is <property symbol>.    (1) 

This way control output is directly placed in a most 
appropriate correlation with the fuzzy information on the 
real-time evolution of control error and its trend of change 
as they happen in the actual plant.  
 

 
Fig. 3 The resulting fuzzy-rule knowledge base of the designed fuzzy logic 
PD-type controller. 

 

 

Fig. 4 The window of the fuzzy logic controller =nuδ  

),( nn ceeFLC = ))(),(( nn tetef δ  with the fuzzy rule viewer 

module put on.  
 
The controller was first designed with the choice of seven 
linguistic state labels for each of the three variables 



 

involved. Subsequently a simplifying modification was 
carried out. The matrix representation of this fuzzy -rule 
PD-type controller algorithm for thermal processes is given 
in Figure 3 and its simplified software implementation in 
Figure 4. Extensive experimental and operational testing 
was carried out for the entire set of reference operational 
temperatures at 100, 200, 250, and 300 °C. It was shown 
and experimentally validated [20] the characteristic features 
of responses indicated always a control performance close 
to an almost ideal for thermal processes (Figure 5).  
 

 
 

Fig. 5 The actual temperature and heater voltage responses with the 
simplified knowledge base following the line of arguments in here [1]. 

B. Design and Implementation of FIS Based Seeker for 
Air-to-Surface Missiles   
It is well known that the design of fuzzy inference 

systems can be also carried out by using Matlab’s Fuzzy 
Logic Toolbox [28]; and this tool was used in the FIS-
based design investigation for the homing missile seeker. 
However, prior to that a thorough information-theoretic 
analysis of information carrying real-time measurable or 
estimable physical variables involved in missile technology 
(see Figure 6) is needed [29]. Only then the proper usage of 
fuzzy logic can be conceptualized [22], [23], [30].  

 
Fig. 6 Overall architecture of missile control and guidance system 
employing a seeker with structured FIS-proportional navigation; block of   
missile dynamics comprises the technology of missile control systems.  
 

The signal significance analysis  [22] has involved 
signals of the following variables: total velocity, V ; line-

of-sight angle Λ  (or λ ) and line-of-sight angle rate Λ&  (or 

λ& ); normal acceleration, za ; and also angle of attack α ; 
flight path angle γ ; and pitch rate q . It has been found 

that enough rich information contents are provided jointly 
by line-of-sight angle (LOS) and line-of-sight angle rate 
(LOSdot). Consequently, the FIS sub-system can be 
designed as a fuzzy system with these input variables 
should the normal acceleration is to be the output applied as 
command to the missile system. Thus it is readily seen that 

there will be no more need for measurement signals V , 

za , α , γ , and q . It should be pointed out, however, it 

was found that in this  case of applied FIS-PN design a 
higher fuzzy granulation of system variables was needed; 
hence seven Gaussian fuzzy terms  were involved, Eq. (2), 
due to the actual information processing being based on 
different information carrying signals.   

In [22], again it was found rather convenient to choose 
Mamdani fuzzy system based inference while employing 
Guassian membership functions of the fuzzy subsets 
(Figure 7). In addition, the use of “product” for AND and 
of “max” for Or connectives in conjunction with “min” for 
the fuzzy implication, “max” for the fuzzy aggregation, and  
“centroid” for the defuzzification was found a rather 
practical choice in this application.  

 
Fig. 7   Typical nonlinear surface of the proposed FIS design; the peaks 
indicate expert knowledge built in during improvement simulations.  

 
Its condensed fuzzy-rule knowledge base in If-Then 

linguistic form may be summarized as shown bellow:  

:1R  If LOSdot is Neg.Large Then Bδ  is Neg.Large 

:2R  If LOSdot is Neg.Medium Then Bδ  is Neg.Medium 

:3R  If LOSdot is Neg.Small Then Bδ  is Neg.Small 

:4R  If LOSdot is Very.Small Then Bδ  is Zero 

:5R  If LOSdot is Zero Then Bδ  is Zero 

:6R  If LOSdot is Pos.Small Then Bδ  is Pos.Small 

:7R  If LOSdot is Pos.Medium Then Bδ  is Pos.Medium 

:8R  If LOSdot is Pos.Large Then Bδ  is Pos.Large 
 (2)  

:9R  If LOS is Neg.Large Then Bδ  is Neg.Large 

:10R  If LOS is Neg.Medium Then Bδ  is Neg.Medium 

:11R  If LOS is Neg.Small Then Bδ  is Neg.Small 

:12R  If LOS is Zero Then Bδ  is Zero 

:13R  If LOS is Pos.Small Then Bδ  is Pos.Small 

:14R  If LOS is Pos.Medium Then Bδ  is Pos.Medium 

:15R  If LOS is Pos.Large Then Bδ  is Pos.Large 

As seen, it is a reasonably simple knowledge base although 
the complexity of this FIS design is approximately 3 times 
than the one initially designed [22].  

Figure 7 depicts the resulting nonlinear surface that is 
obtained upon evaluating this FIS design. The additionally 



 

pointed peaks indicate the effects of some expert-
knowledge based improvements built in during simulation 
experiments, and nothing significantly changed when this 
FIS design was put in a fuzzy-neural implementation. The 
performance with FIS based navigation of homing missiles 
may be inferred from Figure 8, presenting one of the 
essential simulation results on shooting moving targets on 
the ground.  

 
Fig. 8 Attainable missile trajectories targets (at three different distances) 
with the FIS based navigation for missiles employing standard control 
technology .  

C. Discussion on the presented FIS Based Designs   
In here we present some points of personal opinion on 

perspectives regarding the usefulness of fuzzy control as a 
technology with its proven potential in very many control 
applications. In particular, the issues related to syntehsizing 
simple FIS rule base are discussed with regard to the recent 
theoretical findings on the complexity problem. For the 
purpose of this discusion we refer to both  semanic-driven 
FIS designs (i.e., Mamdani) and data-driven ones (i.e., 
Sugeno), the latter being one of future research topics 
pointed in the conclusions. Here primarely the practical 
ones  are addressed, while the others are addressed in the 
next two sections.  

In the first place, it is pointed out, there can be no 
successful control, guidance or supervision systems 
engineering via totally “model-free” approaches, in general, 
let alone in homing missile technology. Some kind of 
identification modeling of controlled plants ought to be 
performed one way or another. The current status of fuzzy 
control field and its applications, as characterized by the 
limitations coupled with the importance of non-linear 
analysis of fuzzy control systems, make it an open area for 
investigating the necessary foundations bridging 
methodologies of fuzzy control and of non-linear analysis 
as well as the conventional and modern control approaches.  

Secondly, despite the many possible advantages in using 
fuzzy control, it is practically important to keep a critical 
caution for its possible disadvantages  may occur in a given 
application. For instance, due to the fact that a fuzzy 
control attempts to manipulate a human’s knowledge on 
how to control a plant, one might ask if the behaviours 
observed by a human expert include all situations that can 
occur because of disturbances, nois e, variations of plant 
parameters, or events in a mission scenario. Hence, in 
homing missile technology the re-design of guidance laws 
[29] seems to be the only application domain to be explored 

for fuzzy system applications in a fruitful mode because the 
knowledge of human expert operator can be involved. In 
fuzzy system based designs the expert’s a-priori knowledge 
results in improved knowledge base (Figures 4 and 7).  

With respect to the complexity of fuzzy-rule knowledge 
base, if T  is the average (or maximum) number of fuzzy 
terms in each dimension and k  is the number of 

dimensions, then the number of rules is of order )( kTO . 

Thus in every FIS execution when searching the knowledge 
base for the relevant rules for a given input (observation), 
an exhaustive search among all rules should be performed, 
and hence the exponential complexity. Therefore in real-
time applications reducing the computational effort as 
much as possible is a prerequisite. This  can be achieved by 
reducing either numbers of fuzzy terms or dimensions, or 
by combined reduction of both.  

Fuzzy system models describe systems by determining 
the relationship between the prospective inputs and the 
respective outputs in the form of If-Then rules. In general, 
one methodology for designing fuzzy models is the so-
called semantic-driven modelling, the original idea of 
which is due to L. A. Zadeh [2], and the other is the data-
driven modelling originated by Sugeno [31]-[34]. For the 
semantic-driven modelling, as most often done in control 
and decision, an information-theoretic analysis on 
significance of available missile signals is indispensable. In 
this regard, Mamdani’s version of fuzzy system models and 
inference, i.e. with fuzzy subsets  in the consequents  

:iR   If 1x  is 1iA  and … and nx  is inA Then y  is iB .  (3) 

These are worked out in projection fuzzy spaces rather than 
on multidimensional product space. In turn these yield 
much less computational effort, hence became rather 
popular in applications to physical system where inputs 
have to be fuzzified first and then used in FIS structures 
(e.g. see [14], [20], [22], [34]).   

It may seem more attractive at a first glance to make use 
of the alternative Sugeno modelling for FIS models due to 
availability of a number of math-analytical modelling 
techniques for controlled plants . It is known as Takagi-
Sugeno-Kang modelling [31]-[34]. However, in many 
industrial cases extensive experimentation or observations 
have to be carried out in order to gather enough data 
collections needed, and this may turn out rather costly.  

The Sugeno alternative, albeit exploiting math-analytical 
function in the consequent part of fuzzy system models, is 
essentially a data-driven modelling search, e.g. see [6], 
[34]-[40], for sufficiently good approximation models. And 
because of the needed data-driven identification it naturally 
leads to more complex fuzzy inference systems. Namely, in 
Sugeno class of models the rule consequents are linear 
functions of the inputs:      

:iR  If 1x  is 1iA  and … and nx  is inA   

Then iii bxay +=
rr

.  (4) 

In here [ ]iniii aaaa ...,,, 21=
r

 is a vector of parameters to 

be determined, and [ ]iniii xxxx ...,,, 21=
r

 is the input 

vector. Easier computational handling of this model by 



 

numerical methods owes to the fact that consequents are 
essentially non-fuzzy. Hence the overall output can be 
written as  

∑ =

=
=

Mi

i ii yxwy
1

)(
r

                      (5)  

the weighted sum of outputs of local models pertinent to 
individual fuzzy rules in the knowledge base, where 

)(xwi
r

 represents the normalized firing strength of the i-th 

rule. It is this equation which enables the way of handling 
the problem as a linear regression by means of classical 
numerical methods.   

The question arises: would it be possible at all by 
physical experiments to gather enough costly data 
collections in the first place? Besides, fuzzy models often 
contain redundant rules, and furthermore it has been shown 
[41] that all FIS models have exponential computational 
complexity originally. In practical applications, should 
Sugeno modelling be adopted as departure point in FIS 
design, then the recent theoretical findings in [40], [42]-
[45] must be observed and a simplification of fuzzy -rule 
knowledge base is to be carried out with respect to these 
arguments. 

It should be noted, in our research for FIS based designs 
above, we arrived at minimum number of rules without 
using hierarchical re -structuring [34] or fuzzy -rule 
interpolation [42]. Rather we used Mamdani modelling and 
expert operator’s knowledge and exploited the proposition 
of Dubois and Prade on gradual semantic interpretation 
[23]: “The more similar is the observation to an 
antecendent the more similar the conclusion should be to 
the corresponding consequent of the given antecendent”. 
Moreover, due to linguistic-driven synthesis, conclusive 
fuzzy terms produced retain interpretability as fuzzy set 
(abnormal fuzzy sets are avoided), which justifies further 
the proposed designs.  

III. ON GRANULATION OF FUZZY VARIABLES AND RULES 

In AFIS designs, the MFs of an AFIS may lose the 
meaning which is initially assigned to them if allowed to 
adapt freely. For instance, they may change their relative 
positions such that "low" may become greater than "high", 
or the range of their activations may become excessively 
wide or narrow. Th is has emphasized the importance of 
preserving the physical meaning of MFs albeit until 
recently no close and deeper studies on restrictions to their 
adaptability during the tuning stage has been carried out, 
e.g. see [6], [17]-[19], [39].  

It is a general requirement that the MF assigned to a 
fuzzy value should not exceed certain maximum and mini-
mum limits of fuzziness after adaptation. If the similarity 
between the initial MF and the MF during training is 
measured, when this similarity measure exceeds its limit, 
the linguistic meaning assigned to the MF is said to be lost. 
In case when a MF becomes too narrow, meaning that it 
has a smaller similarity, it will be totally deleted. 
Alternatively, two or more MFs can be merged into a single 
MF, when they are very similar. In semantic similarity has 
been used to apply a constraint on the fuzzy values and the 
fuzzy functional dependency (FFD) for relational data 
bases.  

In order to cope with the above problem, the concept of 
rough sets  has been proved useful in constructing 
constrained training algorithms that maintain the integrity 
of AFIS during training [6], [18]. This may be viewed as a 
paradigm that enables the adaptive fuzzy controller to adapt 
itself in manner so as to remain still conceptually 
comprehensible to a human expert.  

In order to achieve proper self-adaptation of fuzzy 
controllers with embedded AFIS that still remain 
conceptually comprehensible to a human expert a tradeoff 
between cost function measure and overall performance is 
indispensable. The idea is to allow for a certain slight 
degradation of the cost function performance of the AFIS 
in the sense that the error function may attain a higher 
value than in the case when the MFs are allowed to adapt 
freely. In control and decision applications, this tradeoff is 
acceptable because the ability to interpret the behavior of 
the AFIS is more important essentially than to achieve a 
lower minimum in the cost function.  For this purpose the 
concept of constrained training algorithm for AFIS has to 
be employed, which is directly related to the granulation 
problem of fuzzy variables and fuzzy rules in the 
knowledge base [19], [22], which in turn are closely related 
to linguistic modeling [23]-[25]. For all these reflect on the 
training algorithms.  

At this point, let it be recalled that adaptive fuzzy 
systems can essentially be classified into two groups: one 
having a uniform granulation, and the other having a non-
uniform granulation of universe of discourse of the inputs 
and outputs. In the uniform granulation AFIS, initially the 
universe of discourses are divided into uniform partitions 
with linguistic meaning. In non-uniform granulation 
system, the linguistic understandability of fuzzy system is 
not necessary and only nonlinear mapping is of prime 
concern. The non-uniform granulation can be divided into 
different subclasses, e.g. tree partition, scatter partition.  

Most commonly, for the purpose of control and decision 
the uniform granulation is used. Assuming a certain 
number of rules with some initial MFs for antecedent and 
consequent of each rule, a gradient descent training 
algorithm (and others too) can be employed. This training 
algorithm minimizes the output error by tuning the 
membership function parameters. In order to clarify the 
issue of concern that distinguishes these two main groups 
of adaptive fuzzy systems  refer to illustration in Figure 9 
below. Figure 9-a shows a uniform granulation FIS for a 
two input-one output system which is granulated into three 
individual MFs for the first input, x1, and two individual 
MFs for the second input, x2. A maximum of six rules can 
be formed to specify the behavior of this FIS. In contrast, 
Figure 9-b depicts a non-uniform granulation FIS with 
three rules and three individual MFs for each input.  

The concept of integrity preservation becomes 
significant when the granulations are uniform, that is, a set 
of meaningful linguistic rules are available. In fact, often 
this is the starting point in the design of a FIS. On the other 
hand, it should be noted that non-uniform granulation AFIS 
are most commonly used for clustering applications. In this 
case, the concept of rules is not important, thus the notion 
of integrity after training is not essential. This is because 
the system does not have any specific physical meaning 



 

before training in the sense of rules being attached to any 
clusters which might have emerged.  

In general, the most famous types of AFIS systems can 
be used with a uniform or non-uniform granulation. In 
present paper, we focus our attention on so-called Type II 
adaptive systems (also see Figure 2) having the following 
fuzzy if-then rules and configuration employed for the 
modeling of linguistic information: 
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Fig. 9 Illustrating the issue of granulation in fuzzy if-then rules.  
 

In the present investigations, involving simulation 
experiments [19], [21], the MFs of the linguistic values, 

i
jA  are defined by Gaussian functions: 
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where 
i
jσ  and 

i
jρ  are unknown constant parameters. It is 

these parameters that can be adjusted on-line by making 
use of a gradient descent algorithm. The decision, )(ˆ ky  at 

thk  instant, as a function of the inputs )(kx j , is obtained 

from following equation:  

=)(ˆ ky (∑ i
jω  iB ) ( ∑ iω ),            (8) 

where iB  is the consequent parameter and iω  is the rule 
firing strength given by:  

∏
=

=
p
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i
j

i A
1

ω ( )(kx j ), i =1, …, n .           (9) 

The updating of the parameters in the AFIS can be 
implemented in two ways: partial updating and full 

updating. Partial updating involves changing only the 
parameters of the consequent part of rules, while keeping 
the parameters in the antecedent part constant: and full 
updating implies changing all parameters in both the 
antecedent and consequent parts of the fuzzy if-then rules. 
Full updating allows the system more freedom in adapting 
to the circumstances and subsequently results in a better 
performance for AFIS. 

Wide ranging studies on the theoretical aspects of 
adaptive fuzzy controllers with partial updating [34]-[38], 
[42]-[45] have been carried out.  For instance, a partial 
update for nonlinear function approximation is employed in 
many FIS based system for phenomena analysis (e.g, taste 
of rice). Usually an adaptive fuzzy system with uniform 
granulation of inputs is considered. The parameters in the 
antecedent and in the consequent premises are defined as 

ijΘ  =[
i
jσ , 

i
jρ , 

i
jB ].  

To update  ijΘ , it is possible to employ the steepest 

descent gradient method to minimize the suitable cost 

function J . The value ij∆Θ  at the (k+1)-th time instant as 

a function of the ij∆Θ  at the k-th time instant can be 

obtained as follows: 

=+∆Θ )1(kij  η− ( ∇  J ) + (α  ij∆Θ (k))    (10) 

where ijJ∇,,αη  are the learning rate, momentum and 

the gradient of the parameters. The proposed constrained 
tuning method is carried out for N  epochs. The 
parameters will be updated after each iteration using the 
following update rule 

=+Θ )1(kij  ijΘ (k)+ ij∆Θ (k+1)+ ℜ ( ijΘ ).    (11) 

A suitable restriction function, ℜ , specifies the constraint 
on the updating of the parameters. Then the integrity of 
MFs are not substantial, meaning that there is no constraint 
on the parameters, the restriction function 1=ℜ . When 

1=ℜ , there is no limitation on MF parameters and they 
can be adapted freely. If we need the restriction on the MF 

parameters, for each parameter 
i
j

i
j ρσ , , a dedicated 

restriction function  i
j

i
j ρσ

ℜℜ ,  ought to be employed. Its 

choice is not unique but depends on the application domain 
(discussed in next section). When partial updating is used, 
i.e. the parameters of MFs in the antecedent are fixed and 
only the parameters of consequent are adaptable, restriction 
function becomes equal to one.  

IV. GRADES AND THE CONCEPT OF ROUGH FUZZY SETS 

Now, we consider more closely the case of the class of 
typical MFs of Gaussian form given in equation (7). This 
case is specified by means of the two parameters σ  and 

ρ , and the universe of discourse [X-, X+] (i.e. [ −X , 
+X ]). The grade of MF can be given a linguistic label in a 

specific universe. For instance, it can be defined with the 
linguistic label, "medium". If absolute maximum and 
minimum levels are defined, then the membership of the 



 

fuzzy label is limited to those bounds. These bounds can be 
defined as either hard or soft, as defined in the following 
subsections. It should be noted that these limit bounds are 
widely applicable and not solely for the bell shaped 
Gaussian MFs. In principle, the limiting bounds can be 
introduced for any form of MFs, e.g. triangular, sig moid, 
etc., to ensure these remain within certain bound (hard or 
soft) specified by an application domain expert. 

A. Hard Limit of Membership Functions 
Consider the MF given in equation (7) and specified with 

two generic parameters, that is σ , ρ , representing the 

mean and the spread of Gaussian bell shape. To preserve 
the linguistic label assigned to this shape, the parameters of 
the Gaussian function are allowed to move only within 

certain limits. To be more specific: ρρρ ≤≤  where ρ  

and ρ  are the lower and upper bounds, respectively, 

within which the linguistic variable can move without 
destroying the interpretation of the "variable” it models . In 

a similar manner, we have σσσ ≤≤  where σ  and σ   

are the lower and upper bounds of σ , respectively.  
These restrictions can be applied to the tuning algorithm 

for the MFs. The restriction functions  ρσ ℜℜ ,  are shown 

in Figure 10-a, and are governed by the following set of 
equations: 

)sgn()sgn( σσσσσ −−−=ℜ ,            (12) 

)sgn()sgn( σσσσρ −−−=ℜ ,            (13) 
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Thus, if σσσ ≤≤ , i.e. σ  varies within the permissible 

range, then 1=ℜσ . On the other hand, if  σσ ≤  then  

0=ℜσ ; if σσ >  again 0=ℜσ . Hence, regardless of 

whether or not a minimum solution for the cost function J  
is achieved or not, the hard bounds do not permit the MF 
parameters to move beyond the defined limits. It preserves 
the integrity at the possible expense of yielding a less 
optimal solution according to J .  

In practical applications, the question arises on how 
optimal is the “optimal” solution for a given index of 
optimality J . Moreover, what the minimum value for J  
can guarantee if the proper interpretation may be 
diminished. A pragmatic answer to these questions may be 
found through introducing the concept of soft limits. This is 
presented and discussed in the following subsection, which 
is rightly expected to provide a better overall performance. 
From a pragmatic point of view, it does so indeed as shown 
in [19], [21]. 

B. Soft Limit of Membership Functions 
By using a soft limit bound, we can allow the MF 

parameters to be updated with a varying degree of scaling. 
As the parameters approach their predefined maximum and 

minimum limits, smaller updates are being performed.  
The hard bounds introduced in the previous section can 

be replaced by a soft bound of the following form: 
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where σv  and ρv  are respectively the dispersion 

parameters of σ  and ρ . These are introduced in order to 
achieve a “gentle roll off” (Figure 10 b) instead of hitting a 
hard limit that occurs at the boundary (Figure 10 a).  

 
Fig. 10. Limit bounds of membership function parameters. 
 
The above restricting functions aimed at the purpose of 
obtaining 10 percent distortion around the boundies 

ςσ 045.0=v  and ρρ 045.0=v ; these are illustrated in 

Figure 10-b. It is true that this methodology allows for 
certain penetration of the parameter values beyond their 
hard limits. However, by controlling the parameter ν  the 
extent of the penetration can be adjusted, hence a certain 
adaptation as most appropriate can be achieved in the given 
application oriented design.  

V. CONCLUSIONS 

A considerably well documented and illustrated, and 
hopefully a thorough discussion on the issues of complexity 
versus integrity, maintainability and supportabilty, and of 
optimality versus integrity for FIS based designs has been 
presented. It has emanated of the somewhat opposite case-
studies of thermal process control and of homing missile 
navigation and tracking. These issues matter in particular if 
the system reliability hence AFIS integrity are of primary 
importance as in control and decision applications, hence 
require a careful consideration. This investigation has 
presented only one way to introduce constraints in AFIS 
based designs has been presented. But it should not be 
attributed a degree of omnipotence it does not posses; other 
possibilities too have to be investigated.   

It may well be observed that the MFs can be radically 
altered from their initial definition should reaching the 
minimum cost function be adopted as the primary goal. In 
turn, this may render the converged AFIS uninterruptible 
and not appropriate for practical applications. Hence, the 
integrity preservation of the AFIS design, after the 
adaptation process has converged, should be assigned 



 

primary importance. In such a case the cost function may 
be found to attain a higher value, but the MFs retain their 
original meaning, can be interpreted properly and desired 
applicability is achieved. In the case of function 
approximation for wider range of applications, the AFIS 
without any constraints may achieve a slightly better fit to 
the input-output data, than the one with constraints. Still, 
the one with constraints provides MFs that can be 
interpreted for certain, hence is more suitable in practical 
applications. Ultimately, the choice of using an AFIS 
design with or without constraints remains dependent on 
application domain and task purpose. 
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